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Models of matter: Spheres from Kepler to colloids

sphere packing, optimal lattices
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Models of matter: Filamentous matter from Galileo
to nanomaterials

macroscale,
manufactured
materials
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“But in the case of the rope, the very act of
twisting causes the threads to bind one another
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with a great force, the fibers break rather than
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Structure & assembly of twisted, cohesive bundles

— e pev
o g 2 50 . 2
- fzb"'i l 53 Motivations:
) s Q I) “Self-twisting” filament bundle:
R O " common structural motif of
biofilament assemblies

2) Twist: Simplest, non-trivial
example of geometrically-
nonlinear coupling between
filament tilt and spacing
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- helical rotation
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Twisted bundles: non-Euclidean geometry & anomalous assembly

I) Non-euclidean metric
geometry of bundles
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IV) Perimeter Instability & Anisotropic Domains
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Twisted bundles: non-Euclidean geometry & anomalous assembly

I) Non-euclidean metric
geometry of bundles

R GMG, Rev. Mod. Phys.
(in press) (2015).
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Mapping frustration in filament packing

cross-section of twisted bundle packing discs on sphere
(orthographic projection)
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Mapping frustration in filament packing

cross-section of twisted bundle - R packing discs on a “bundle-

—

equivalent dome”
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azimuthal equidistant
projection



Mapping frustration in filament packing

' . Distance between helical curves:
Distance of A, = min, [ A( z)] : e | | ,
closest approach: A%(z) = pi + p3 — 2p1p2cos (Qz + dr1= ¢2) + 2

Op Metric geometry of bundles:
Tilt angle  sin 0(p) = lim A% =ds® = (6p)* + Q2 sin? 0(p) (99)*
focal) () TTE ) o6 (6p) (p)(3¢)
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Bruss and GMG, PNAS (2012)



Mapping frustration in filament packing

Distance of A, =i [ A (Z)] Distance between helical curves:
closest approach:

A2(z) = p? + p2 — 2p1p2 cos (Qz + ¢y = ¢s) + 22

Metric geometry of bundles:
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Frustration in filament packing: hidden geometry

Twisted bundle packing is equivalent to
packing on curved surface!

Q—l
spherical radius =

V3
300°

1+ (20)?]"

Gaussian curvature of “dual surface” to
twisted filament bundle

K =

Koag<0 Kg>0

.

cylindrical radius =

Bruss and GMG, PNAS (2012)



Frustration in filament packing: hidden geometry

Perfect, regular packing
is frustrated (disrupted) at
the central core of twisted

bundles

Bruss and GMG, PNAS (2012)




Twisted bundles: non-Euclidean geometry & anomalous assembly

I) Non-euclidean metric
geometry of bundles

R GMG, Rev. Mod. Phys.
(in press) (2015).
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Spherical Crystallography: “plum pudding”
Generalized Thomson Problem ...

electronic “corpuscules”
on a charged sphere
Thomson, Phil. Mag. (1904).

Repulsive particles on spheres

Viral capsids
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Disclinations!
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Ground States of Twisted Bundles: Discrete Model

Method: (numerically) minimize 2D

cross-section of N filament bundles of

fixed twist interacting via attractive,

pair-wise forces I 6 ﬁlament bundle

small twist (no defect)

08
3
K>
E kry 5dc1,2 11d06 T
LI= 797 \ 6Al1 = 6AS >
D 04
o)
c
W o2

/ R - bundle twist

QR|.~ 0.471

A/do

Pair-wise adhesive energy
(“Curva-Lennard Jones™)

distance of
closest approach

Bruss & GMG, PNAS (2012); Bruss & GMG, Soft Matter (2013).



Defects in Ground States of Small-N Bundles

Total disclination “charge” Generalized Euler-Poincare formula
(# 5’s - #7’s): (triangulation w/open boundary):

Q ;( ) ﬁ/dAKg=27TQ+ 0,
# of n-fold /

coordinated filaments distortion
@ boundary

“Net neutral” disclination charge:
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T
bundle twist angle

Bruss & GMG, PNAS (2012); Bruss & GMG, Soft Matter (2013).



Defects in Ground States of Small-N Bundles

Total disclination “charge” ground state defect charge, Q
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Large-N Bundles: Multi-dislocation ground states

twist-induced stresses:
compression: gy < (; P > R/\/g
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Large-N Bundles: Multi-dislocation ground states
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Large-N Bundles: Multi-dislocation ground states

B defect stability
O dislocations | dislocations &
e st only (Q = 0) | disclinations
i (Q>0)
S
"
Sl
oS
5 (Q2R)? ~ (a/R)In(R/a)
low-angle grain o tnodefects = ... ... . |
boundary “scars A.Azadi & GMG, PRE (2012). O B - bundietwist
Optimal symmetry of multi-dislocation side

A.Azadi & GMG, PRL (2014).

(scar) patterns?
250

particle “raft” @ .
on oil/water drop 2 0 .
8150 0
“ 0
= 100 )
£ &
2 5o
7
0

0 5 10 15 20 25 30 35
num. scars

Ground states of surface confined
assemblies: “elastic” wrinkle vs. “plastic”
defect patterns?

Irvine
@ U Chicago

GMG & Davidovitch, PNAS (2013). Menon @ UMass



Twisted bundles: non-Euclidean geometry & anomalous assembly
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Elastic Perimeter Instability of Curved Crystals
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Curved Membranes vs. Twisted Bundles: Elasticity

in-plane stress:

Oi5 = /\5ijukk & 2,U Ujj

elastic energy: Young’s modulus:
: ' 1 4p(\ + )
- i 0 i s Y =

membrane displacement

non-linear strain
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[l 1 filament tangent
uij = 5 (Oiu; + Ojui + 0ihd;h) u$—§(8u3+8uz tit;) g
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Bundle twist generates interfilament
T stress identical to positive Gaussian
curvature in 2D membranes
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Isotropic, Twisted Cylindrical Bundles: Thermodynamics

intra-filament inter-filament surface energy
(bending) elasticity (packing) elasticity (cohesion) R - bundle radius

() - twist (2n/pitch)
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Y — 50 d‘//‘ ( ) + 5 /dV/awum I Z(QWRL)
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Isotropic, Twisted Cylindrical Bundles: Thermodynamics

intra-filament inter-filament surface energy

(bending) elasticity (packing) elasticity (cohesion) R - bundle radius
() - twist (2r/pitch)
Bpo 3y 253
f(R) = —“=Q*R* + ——(QR)* +

» 4 128 R
free-energy
jdensity

A

f(R)




Isotropic, Twisted Cylindrical Bundles: Thermodynamics

intra-filament inter-filament surface energy
(bending) elasticity (packing) elasticity (cohesion) R - bundle radius
() - twist (2n/pitch)
Bpo 3Y 753
f(R) = —“=Q*R* + ——(QR)* +
,. 4 128 R
el 9 “packing” cost
density —
v[ " Y = (RO/)\B) — bending cost
f(R)

v < 1: bending limited

Ry ~ (ZP*/B)Y/3

v > 1: packing limited
Ry ~ (SRY/Y)Y/5

equilibrium
radius



Anisotropic, Helical “Tapes”: Inter- vs. Intra-filament Strain

width preserving map

b Uy ~ —(w/Rs)?

strain grows with
s |:> large elastic energy

thickness preserving map
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Anisotropic, Helical “Tapes”: Inter- vs. Intra-filament Strain

intra-filament inter-filament surface energy
(bending) elasticity (packing) elasticity (cohesion)

flw > ) = Z200tw? + — () +22(w+ t)
N N

KR~ Q2w Uyw ~ —(t/R3)2

tape width: bending limited
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= 241/3( )
o Q4 Bpq
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From Bundles to Tapes: Critical Bundle Size

< 90.3

(Isotropic) bundles
stable

Ry

equilibrium fiber dimensions
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Discrete filament simulations: Model & Parameters

Method: (numerically) optimize 2D
cross-section and N of filament bundles
of fixed twist interacting via attractive,
pair-wise forces

<

o ¥

o o o (o] o o o o o o

B Z
EBend — EL /{,22 anisotropic trial packing
'\
?

“ Curvature

-.~
-

‘Energy per unit length
B
Ap = %

o (B/e)!/*(d/o)

Ductile

/\5 = Z/Y
x d(o/d)?




Discrete filament simulations: Energy Landscapes & Phase

Diagram Cylindrical | Helical
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Twisted Amyloid Tapes: From Mesoscale Dimensions to
“Molecular” Scale Parameters
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Twisted Amyloid Tapes: From Mesoscale Dimensions to
“Molecular” Scale Parameters

helical tapes

predicted tape dimensions:

cylindrical bundles
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Ridgely & Barone, Soft Matter (2012).
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Fiber morphology, a universal phase diagram?

helical tapes

B2 w»

fiber anisotropy
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bundle twist angle, 9 Hall, Bruss, Barone,
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Summary (Frustration & Morphology Selection):

|) Geometric strains drive anisotropy in fiber sections above critical size

2) Tape width/thickness dimensions are selected by intra-filament (bending)/
intra-filament (packing) elasticity

3) Mesoscale dimensions directly quantify microscopic parameters (inter-filament

elasticity; intra-filament elasticity; )
Disclinations in twisted bundles

Open questions: 4[ T apoe
Stlff filaments at large i 13 vl
twist? = | 11

< |\ ] 2

Sl .z
How do mitigate w
bundle/tape transition? —




Geometry of Filamentous Matter: IH

Optimal packing on spheres:
Thomson Problem (1904)

Optimal packing in ropes: N
“Roebling Problem” (~1849) ' zgs. "
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Defect-induced buckling of bundles: Bruss in preparation
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